We introduce and study the concept of p, k -variation 1 < p < ∞, k ∈ N of a real function on a compact interval. In particular, we prove that a function u : a, b → R has bounded p, k -variation if and only if u k−1 is absolutely continuous on a, b and u k belongs to L p a, b .
Introduction
About 120 years ago, Jordan 1 introduced the notion of a function of bounded variation and the corresponding function space BV a, b . He also proved the important result that u ∈ BV a, b if and only if u f − g with both f and g being monotonically increasing. Later the concept of bounded variation was generalized in various directions. In 1908, De la Vallée Poussin 2 introduced the space BV 2 a, b of functions with bounded second variation. It is known that u ∈ BV 2 a, b if and only if u can be represented in the form u f − g, where both f and g are convex.
This was further generalized by Popoviciu 3 who introduced, for any k ∈ N, the notion of kth variation and defined the corresponding space BV k a, b of functions u : a, b → R of bounded kth variation on a, b . It is known that, for any u ∈ BV k a, b , the derivative u k−2 belongs to BV 2 a, b ; therefore, there exist the right-and left-hand derivatives In 4 , the first author defined and studied the notion of the so-called bounded p, 2 -variation 1 < p < ∞ and proved a generalization of the well known Riesz lemma. More precisely, a function u : a, b → R has bounded p, 2 -variation if and only if u ∈ AC a, b , where AC a, b denotes the space of all absolutely continuous functions on a, b , and u ∈ L p a, b . Moreover, the p, 2 -variation of u on a, b is then given by the formula
In this paper we will prove the following parallel result: given p ∈ 1, ∞ and k ∈ N, a function u : a, b → R has bounded p, k -variation on a, b if and only if u k−1 ∈ AC a, b and u k ∈ L p a, b . Moreover, the p, k -variation of u on a, b is then given by
This characterization can be considered as a natural generalization of the classical Riesz lemma 5 for the class A p a, b of all functions u : a, b → R such that u ∈ AC a, b and u ∈ L p a, b . We point out that the Riesz lemma provides a criterion for functions to belong to the Sobolev space W 
Preliminaries
In this section, we recall some definitions and known results concerning the Riesz p-variation, the De la Vallée Poussin second variation, and the Popoviciu kth variation.
Given a function u : a, b → R and a partition π : {a t 0 < t 1 < · · · < t m b} of a, b , consider the expression The class RV p a, b is a Banach space with respect to the norm
The following characterization of functions u ∈ RV p a, b is known in the literature as the Riesz lemma 5 .
Proposition 2.1. A function u belongs to RV p a, b 1 < p < ∞ if and only if
holds in this case.
In 1908, De la Vallée Poussin 2 introduced the class of functions of bounded second variation as follows. Given a function u : a, b → R and a partition π of a, b of the form
consider the expression
and let
where the supremum is taken over all partitions π of the form 2. The following result has been proved in 7 , see also 8 .
Proposition 2.2. Every function u ∈ BV 2 a, b is Lipschitz continuous on a, b and can be expressed as a difference of two convex functions.
If u ∈ BV 2 a, b , then from standard properties of convex functions it follows that the unilateral right derivative u and the unilateral left derivative u − exist on a, b . Moreover, the set E of points x where u x fails to exist is countable, u is continuous on a, b \ E, the right unilateral derivative u is right continuous, and the left unilateral derivative u − is left continuous on a, b .
Finally, let us recall Popoviciu's more general definition of bounded kth variation 3 . To this end, we need the concept of the kth divided difference of a function u : a, b → R with respect to distinct points t 0 , t 1 , . . . , t k ∈ a, b not necessarily in increasing order defined by
By definition, the kth divided difference 2.7 is independent of the order in which the points t 0 , t 1 , . . . , t k appear. The following two results are well known see, e.g., 3, 9 . 
If the function u has a Riemann integrable derivative of order k ≥ 1, then the last result allows us to generalize the concept of the kth divided difference for points t 0 , t 1 
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Let u : a, b → R be a function and π a partition of the form
2.12
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Main Result
In what follows, for 1 ≤ p < ∞ and k ∈ N we denote by A p,k a, b the class of all functions
. In this section we introduce the notion of p, k -variation, where p always denotes a real number in 1, ∞ and k ≥ 1 denotes a natural number. For p > 1 we will prove that a function u : a, b → R has bounded p, k -variation for the definition see below if and only if u ∈ A p,k a, b . Moreover, we will show that equality 1.2 holds, as one should expect.
So given u : a, b → R, consider a partition π of the form
3.1
Moreover, define 
3.5
Passing on both sides of to the supremum over all partitions π of the form 3.1 , we conclude that 3.4 is true, and so also 3.3 , by definition of BV k a, b .
From Proposition 2.6 and Proposition 3.1 we immediately deduce the following. Proof. Suppose that there exists x 0 ∈ a, b such that α x 0 : everywhere on a, b .
We are now in a position to formulate and prove our main result. 
